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Multimode Control of a Rotating, Uniform, Cantilever Beam

Donald L. Kunz
Old Dominion University, Norfolk, Virginia 23529-0247

An investigation was undertaken to assess the performance of a saturation controller for vibration suppression
at the tip of a rotating, uniform, cantilever beam. Previous investigations have shown that saturation controllers
may be effective in suppressing the vibration of nonrotating, cantilever beams. However, in those investigations,
the choice of natural modes to model the beam, and justify the effectiveness of the controller, eliminated any
intermodal coupling. Therefore, it is not obvious that a saturation controller will be similarly effective for rotating
beams. With both theoretical and numerical analyses, it is shown that in spite of signi� cant intermodal coupling,
the saturation controller is remarkably effective, even at moderately high rotation speeds.

Nomenclature
Ai j = modal centrifugal stiffening
ak = modal base acceleration
di j = modal damping
d31 = piezoelectric constant, m/V
E = Young’s modulus, Pa
H = unit step function
I = area moment of inertia, m4

ki j = modal stiffness
m = mass per unit length, kg/m
m i j = modal inertia
q j = modal generalized coordinates
R = beam length, m
r = radial distance, m
t = time, s
uk = controller variables
V0 = reference voltage, V
v = control voltage, V
w = nondimensionalbeam displacement
x = nondimensional length, r=R
®k = nonlinear coupling parameter
°k = nonlinear coupling parameter, 5 £ 105

± = Dirac delta function
¹ = nondimensionalcontrol moment
ºk = controller damping constants
¿ = nondimensional time, !0t
8 j = nonrotating,cantilever beam modeshapes
Á j = trial functions
Ä = beam angular velocity, rad/s
!k = nondimensionalexcitation frequency
!0 = reference frequency, rad/s

Introduction

O VER the past few years, the concept of using internal reso-
nance to control dynamic systems has received a signi� cant

amount of attention in the literature. Initially, a secondary physical
system was added to control the response of a primary dynamic
system. For example, Haxton and Barr1 and Hatwal et al.2 added a
pendulum to a mass–spring–damper system and concluded that the
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pendulum can work as a passive vibration absorber. Golnaraghi3

used the phenomenonof internal resonanceas an active absorberby
adding a slider, the motion of which creates nonlinearquadraticand
cubic couplingwith the primary system, to control the vibrationof a
cantilever beam. Tuer et al.4 used a pendulum actuated by a dc mo-
tor to perform the same task. The advantage of using active control
devices of this type is that it allows the frequency and the damping
of the absorber to be changed easily. It has also been found that the
stronger the nonlinearcouplingbetween the primary and secondary
systems, the more energy could be transferred between them.

In Refs. 5 and 6, the secondary physical system that consisted of
anoscillatorand the nonlinearcouplingwith the primarysystemwas
replaced by electronics. Oueini and Golnaraghi7 used a solid-state
electronic circuit to emulate a second-orderoscillator and the non-
linear coupling needed for internal resonance. The plant used was
a dc motor undergoing free vibration. A parametric study was per-
formed, and two energy dissipationmethods were studied as means
to prevent energyfrom returning to the plant from the absorber.This
was accomplished by changing the time at which the damping was
added to the absorber.

OueiniandNayfeh investigatedcontrollingthe forcedvibrationof
a dc motor using internal resonance, using an electronic oscillator.8

In this investigation,controlof theenergy� owwas effectedusingthe
saturationphenomenon.The method was extended to multi-degree-
of-freedom systems and demonstrated for the forced vibration of
a cantilever beam.9;10 The vibration modes of this system could be
easilyuncoupledusingnaturalmodes of the beam, and it was shown
that each mode could be controlled as a single-degree-of-freedom
system.Pai etal.11 also implementedsaturationcontrolappliedto the
forced vibrations of a cantilever beam, but used a digital controller
in place of the analog electronics.

The objective of this paper is to investigate the use of the method
describedin Ref. 10 for controllingthe forcedvibrationof a uniform,
rotating cantilever beam. To control each mode independently, the
method described in Ref. 10 relies on the fact that the exact natural
mode shapes exist in closed form, are orthogonal, and can be used
to uncouple the equations of motion; thereby eliminating the possi-
bility of spillover.However, for rotating,cantileverbeams, no exact,
closed-form, natural mode shapes are known to exist. Peters12 de-
riveda set of approximate,closed-formmode shapes.All of Peters’s
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Fig. 1 Rotating, uniform, cantilever beam.

mode shapes except the � rst are orthogonal to one another because
they are based on Legendre polynomials. Wright et al.13 derived a
set of exact mode shapes in the form of polynomialswith an in� nite
numberof terms. None of thesemode shapes are orthogonal.There-
fore, this paper uses the mode shapes for a nonrotating, cantilever
beam, and assessestheir suitabilityfor use on a rotatingbeam,based
on controller performance.

Rotating, Cantilever Beam
The physical system that is being investigated is a rotating, uni-

form beam that is cantilevered at its center of rotation (Fig. 1). A
shaker provides vertical displacement excitation at the base of the
beam. A sensor attached to the tip of the beam detects de� ections;
piezoelectricactuatorpatchesattachednear the root of the beam ap-
ply the control moment. The feedbackcontrol system processes the
output from the tip displacement sensor, then sends control signals
to the actuators to minimize the tip de� ection. For the purposes of
this investigation,it will be assumed that the actuatorsand tip sensor
are massless and that the actuators do not contribute signi� cantly to
the stiffness of the beam.

The partial differentialequationof motion for the beam shown in
Fig. 1, including the control moment provided by the piezoelectric
patches, may be written as shown in Eq. (1):
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The controlmoment may thenbe expandedto show the piezoelectric
properties of the patches explicitly:

NM .r; t/ D w pd31 E p.hb C h p/[H .r ¡ r1/ ¡ H .r ¡ r2/]Vp.t/ (2)

The resultingequationofmotionmay benondimensionalizedand
expressed in the following form:
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The beam de� ection may be written in series form, using a set of
trial functions Ái and the correspondinggeneralizedcoordinatesqi :

w.x; ¿/ D
1X

i D 1

Ái .x/qi .¿/ (5)

When simple harmonic excitation of the beam root is assumed
and terms are added to accountfor modal structuraldamping,the or-
dinary differentialequationof the beam may be expressedas shown
in Eq. (6):

Fig. 2 Beam stiffness and rotation parameters.
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The parameters ´ and ¸ (Fig. 2) govern the relative magnitudes
of the ki j and Ai j terms. When ¸ is small, the structural stiffness of
the beam dominates the response, and the physical model reverts to
the model in Ref. 10. As ¸ becomes large, the magnitudeof the cen-
trifugal stiffness begins to overshadow the structural stiffness, and
eventually the ki j may be neglected. It will be shown that the rela-
tive magnitudesof the structural and centrifugalstiffnessesbecome
signi� cant when one attempts to perform a theoretical analysis to
assess the effectivenessof the control scheme.

Saturation Controller
In general terms, a saturation controller creates an internal reso-

nance in an autoparametricsystem, which then allows the energy in
the plant to be channeled to the controller.Autoparametric systems
are conceptually related to parametric systems and make up a set
of classical problems in nonlinear dynamics. A parametric system
is de� ned as being a dynamic system in which one or more of the
parameters that de� nes the system, for example, stiffness, is time
variant. The changes in the speci� ed parameter(s) result in (para-
metric) excitations that can produce large responses in the system.
An autoparametric system is one in which the time variation of a
system parameter in the primary system is not explicit, but is de-
pendent on the motion of a secondary system that is coupled to the
primary system through nonlinear terms. In the case of a saturation
controller,the primary systemis the plant, and the secondarysystem
is the controller.

Althoughusing thenonlinearcouplingbetween theplantand con-
troller works effectively to create an energy bridge between the two
systems, there is no natural mechanism available to prevent energy
from being transferred in both directions. Once the controller mo-
tion becomes suf� ciently large, energy will naturally be transferred
back to the plant, resulting in a beat in the response of the plant.
However, if the plant is being forced at its primary resonance, it has
been shown that, when the excitation of the plant reaches a criti-
cal amplitude, the linear response of the plant becomes saturated,
loses stability, and much of the energy from the excitation force is
transferredto the controller.Because the plant responseis saturated,
the energy from further increases in the excitation amplitude is also
transferred to the controller.

When Ref. 10 is followed, a nonlinear, saturation controllermay
be de� ned to control a selected number of beam generalized coor-
dinates. However, the beam has an in� nite number of generalized
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coordinates,and only a � nite number can be controlled. Therefore,
the coupled beam and controller equations are written as follows:

1X

j D 1

[m i j Rq j C di j Pq j C .ki j C Ai j /q j ]

D Pi

NX

k D 1

ak cos.!k ¿ / C Fi

NX

k D 1

°k u2
k ; i D 1; 2; : : : ; 1

(8)

Ruk C ºk !k Puk C .!k=2/2 uk D ®k uk

1X

j D 1

Á j .1/q j .¿ /

k D 1; 2; : : : ; N (9)

In Eqs. (8) and (9), it is assumed that all of the modes that are being
excited are known and can be controlled. The additional, uncon-
trolled modes are not being excited directly and are not controlled.
Apart from the centrifugal stiffening term Ai j , Eqs. (8) and (9) are
equivalent to the nonrotating cantilever beam discussed in Ref. 10.

Theoretical Solution of the Governing Equations
A key element in obtaining either a theoretical or numerical so-

lution of the governing equations [Eqs. (8) and (9)] is the choice of
trial functions for Eq. (5). When Ref. 10 is followed, the trial func-
tions that are used herein are the natural mode shapes of a uniform,
nonrotating,cantilever beam:
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The use of these functions yields the following expressions for m i j
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In contrast to m i j and ki j , the expressionfor Ai j yieldsnonzeroterms
when i 6D j , and, in general, these terms are not small compared to
the terms for which i D j . If, however, ¸ is small, that is, the beam
is rotating slowly, and/or ´=¸ is large, that is, the beam is very stiff,
the centrifugal stiffening will be small compared to the structural
stiffening.

In cases where the beam is rotating slowly and/or the beam is
very stiff, an analytical perturbation analysis using the method of
multiple scales, and very much similar to that used in Ref. 10, can
be performed. Equations (8) and (9) are scaled using ¸ as the small
parameter:

Ai j D ¸2 OAi j ; ³ j D ¸ O³ j ; ºk D ¸ Oºk ; ak D ¸2 Oak (13)

Then, the q j and uk can be expandedusing fast and slow timescales:
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The time derivativesare also expressed in terms of the fast and slow
timescales:
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SubstitutingEqs. (10–15) into Eqs. (8) and (9), and equating like
powers of ¸, results in the scaled equations. The order ¸ scaled
equations are
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Equations (16) and (17) are essentially identical to the corre-
sponding equations in Ref. 10 and lead to the same conclusions.
These equations have one characteristic that is essential to achiev-
ing the results presented in Ref. 10 and in the preceding analysis.
That is, the modal beam equations are uncoupledfrom one another,
which makes the solution of Eqs. (16) and (17) feasible using the
methodof multiple scales.The uncouplingof the equations is a con-
sequenceof the orthogonalitypropertiesof the functionsselectedas
trial functions.Thus, as long as ¸ is small, the centrifugalstiffening
terms are order ¸3 , and they do not contributematerially to the per-
turbation equations. Thus, the effectiveness of the control scheme
is as discussed in Ref 10.

Numerical Solution of the Governing Equations
Consider the changes that occur in the governing equations as

the speed of rotation increases and ¸ becomes larger. With larger
values of ¸, the Ai j are no longer small compared to the kii , and
the use of the method of multiple scales becomes unwieldy due to
the presenceof coupling terms in the modal perturbationequations.
Therefore, for the remainder of this investigation, the effectiveness
of the control scheme at higher rotation speeds will be investigated
using numerical analysis.

All of the numerical results were obtained from Mathematica.
The time history solutionsof the governingequationswere obtained
by the implicit Adams method with order between 1 and 12 (see
Ref. 14). For each case, the tip response was allowed to build up
uncontrolled for 15 s, at which time the controller was turned on.
Each simulation was allowed to run for a total of 50 s. Unless oth-
erwise noted, the nonlinear controller coupling parameters ® and °
have values of 2 and 5 £ 105 , respectively.

One Mode
To assess the in� uence of the coupling due to centrifugal stiff-

ness, the effectivenessof the control scheme will � rst be examined
for a mathematical model that includes only one mode. In this way,
the effect of rotation can be evaluated independently from the cou-
pling due to centrifugal stiffness. Figure 3 shows how the natural
frequency of the cantilever beam changes as the rotation speed in-
creases. When ¸ D 0, the beam is not rotating, and, therefore, the
frequency ratio is unity. The ef� ciency of the control scheme in
suppressing the vibration at the tip of the beam is shown in Fig. 4.
In Fig. 4, the attenuation achieved by the control scheme is plotted
against the rotation speed parameter for three values of the excita-
tion applied to the base where the beam is attached. It is apparent
from Fig. 4 that attenuation will decrease once the rotation speed
exceeds a critical value and that critical value appears to depend on
the amplitude of the base excitation.

However, Fig. 4 does not present a complete picture of the phe-
nomenon. In Fig. 5, the valueof the uncontrolledtip response(peak-
to-peak), just before the controller is activated, is plotted against the

Fig. 3 Rotating beam natural frequencies (one mode).
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Fig. 4 Attenuation (one mode).

Fig. 5 Maximum tip amplitude (one mode).

Fig. 6 Attenuation vs maximum tip amplitude (one mode).

Fig. 7 Beam tip response (one mode, ¸ = 0.5).

rotationspeedparameterfor the same threevaluesof baseexcitation.
As expected, for a constant value of base excitation, the maximum
amplitudeof the tip responsedecreasesdue to the effect of centrifu-
gal stiffening of the beam. Thus, the question arises as to whether
the attenuationtruly dependson the base excitationor on the ampli-
tude of the tip response. This question is answered in Fig. 6, where
the attenuation is plotted against the uncontrolled tip response for
the same threevaluesof baseexcitation.Becauseall of the pointsfall
basically on the same curve, it is apparent that attenuation depends
on the uncontrolled tip amplitude, and the critical value where the
attenuation drops off is close to a tip amplitude of 0.02.

In addition to observing the change in attenuation as the rotation
speed is increased, it is useful to examine the transient decay of the
tip response.Figure 7 shows the response of the beam tip for a base
excitationof 0.04 g and a small rotationspeed.Most of the transients
in the tip response have died out within 20 s after the controller is
turned on. For the same base excitation and a higher rotation speed,
Fig. 8 shows the transients dying out much more quickly, but with
less attenuation.

Again, however, the tip response alone may not be suf� cient to
discern the behavior of the coupled beam and controller equations.
Consider the actuatorvoltage time histories in Figs. 9 and 10, which
correspond to the tip response time histories in Figs. 7 and 8, re-

Fig. 8 Beam tip response (one mode, ¸ = 5.0).

Fig. 9 Actuator voltage (one mode, ¸ = 0.5).

Fig. 10 Actuator voltage (one mode, ¸ = 5.0).

Fig. 11 Maximum actuator voltage (one mode).

spectively.Both time historiesat the lower rotation speed agree that
most of the large transients have died out after 35 s. On the other
hand, the actuatorvoltageat the higher rotation speed shows a small
but measurable increase whereas the tip response appears to have
stabilized.This behaviorindicatesthat the tip responseis continuing
to grow, even after 50 s.

Because of the initial spike in the actuatorvoltage shown in Fig. 9
when the controller is turned on, also note the maximum actuator
voltage required during the transient response. Figure 11 shows the
maximum voltage applied to the actuator as a function of the un-
controlled amplitude of the tip response. Again, it can be seen that
by plotting in this manner, the curves for all three base excitation
amplitudes collapse to a single curve. Therefore, like the attenua-
tion, the maximum voltage is dependent on the uncontrolled am-
plitude of the tip response. The maximum actuator voltage is also
signi� cant becausepiezoelectricmaterialsare voltage limited. If the
voltage applied to a piezoelectric actuator exceeds the voltage used
in the poling process, the actuator will cease to function. Therefore,



KUNZ 197

Fig. 12 Saturation voltage (one mode).

Fig. 13 Attenuation vs ® (one mode, ¸ = 5.0).

Fig. 14 Voltage vs ® (one mode, ¸ = 5.0).

Fig. 15 Beam tip response (one mode, ¸ = 5.0, ® = 30).

any attempt to control high tip response amplitudes must include a
voltage-limitingdevice.

Figure 12 shows the voltage required by the actuator once the
controlled beam has reached its steady-state response amplitude.
Clearly, the saturation voltage is primarily dependent on the base
excitation and only changesby a small amount as the rotation speed
increases. The saturation voltage for all cases is well within the
voltage limitations for most piezoelectricmaterials.

In Fig. 6, it was observed that the saturation controller is less
effective when the uncontrolled tip amplitude is small. However,
whereas the controller frequencywas adjusted appropriately for all
cases, the nonlinear coupling parameters ® and ° remained � xed.
Other studies9;10 have shown that the main effect of ° is to increase
or decrease the magnitude of the controller variable u. Parametric
variationsperformedon the rotatingbeam, and notdiscussedherein,
con� rmed this observation. Therefore, ® was varied in an attempt
to improve the performance of the control scheme.

The improvement in attenuationthat may be obtainedby increas-
ing the value of ® is shown in Fig. 13. Although the improvement
is signi� cant (»10%), the attenuation could not be brought up to
the level attained for the nonrotating beam. Figure 14 shows that
the maximum actuator voltage increases slightly with ®, and the
saturation voltage decreases by a very small amount.

However, the time histories of the tip response (Fig. 15) and the
actuator voltage (Fig. 16) show a marked improvement in the tran-

Fig. 16 Actuator voltage (one mode, ¸ = 5.0, ® = 30).

Fig. 17 Rotating beam natural frequencies (two modes).

Fig. 18 Attenuation (two modes).

sient response. The tip response reaches a steady value in a very
short time and with few of the oscillations that dominate the initial
stages of the nonrotating response after the controller is activated.
The actuator voltage has one small peak that occurs after the con-
troller is activated, but it is not signi� cantly larger than the actuator
voltage required to maintain a steady, controlled response.

Two Modes
The variationsin the effectivenessof the control schemeobserved

in the preceding section resulted solely from the change in the stiff-
ness due to rotation.Because only one mode was used in the mathe-
matical model, coupling effects that are introducedby the Ai j terms
were not present. In this section, numerical simulations are per-
formed for a mathematicalmodel containingtwo modes. Excitation
is appliedonly at the natural frequencyof the � rst mode, and the � rst
mode is the only mode that is controlled.The in� uence of the cou-
pling effects may be inferred by evaluating the differencesbetween
the results for the one-mode and two-mode models.

Figure 17 is a plot of the � rst two natural frequenciesas a function
of the rotation speed. The natural frequency of the � rst mode cal-
culated using two modes is, of course, smaller than that calculated
using one mode (except for a rotation speed of zero). At a value
of ¸ D 5, the � rst natural frequencies calculated using one and two
modes are 5.40 and 14.25, respectively.

The ef� ciency of the control scheme in suppressing the tip vi-
brations is shown in Fig. 18. Compared to Fig. 4, it can be seen
that the attenuation drops off somewhat more rapidly for the two-
mode model than for the one-mode model. This observation is not
completely consistent with the observation made for the one-mode
model that the attenuation decreases as tip amplitude decreases
(Fig. 6). Therefore, this decrease in attenuation can be attributed
to intermodal coupling. However, as indicated by Fig. 19, attenua-
tion is still strongly dependent on the uncontrolledamplitude of the
tip vibration.
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Fig. 19 Attenuation vs maximum tip amplitude (two modes).

Fig. 20 Beam tip response (two modes, ¸ = 0.5).

Fig. 21 Beam tip response (two modes, ¸ = 5.0).

Fig. 22 Second mode response (¸ = 0.5).

Time histories of the transient responseof the beam tip for a base
excitation of 0.04 g are shown in Figs. 20 and 21. The transient
response shown Fig. 20 is nearly identical to the response in Fig. 7.
Figures 21 and 8 exhibit the same type of transientbehavior,but the
attenuation achieved by the two-mode model is noticeably smaller.

Figures 22 and 23 show the responses of the second-mode gen-
eralized coordinate corresponding to the tip responses shown in
Figs. 20 and 21, respectively. Obviously, some coupling exists be-
tween the modes for both cases. A comparison of the relative am-
plitudes of the � rst and second mode responses reveals that for the
case of ¸ D 0.5, the amplitude of the second mode is approximately

1
100 th of the � rst mode amplitude. For the case of ¸ D 5.0, the
amplitude of the second mode is 1

10
th of the � rst mode amplitude.

Clearly, the intermodal coupling is a signi� cant factor in the differ-
ence between the two cases. However, in both cases, the response
of the second mode is too small to signi� cantly impact the total tip
response.

A comparison of the maximum voltage required by the actua-
tor for the two-mode model (Fig. 24) with the maximum actuator
voltage for the one-mode model (Fig. 11) shows little discernible

Fig. 23 Second mode response (¸ = 5.0).

Fig. 24 Maximum actuator voltage (two modes).

Fig. 25 Saturation voltage (two modes).

Fig. 26 Attenuation vs ® (two modes, ¸ = 5.0).

Fig. 27 Voltage vs ® (two modes, ¸ = 5.0).

difference. On the other hand, the steady-state actuator voltage, as
shown in Fig. 25, is slightly smaller than the voltage predicted by
the one-mode model (Fig. 12).

As in the case of the one-mode model, the nonlinear coupling
parameter ® can be used to improve the performance of the con-
trol scheme. As shown in Fig. 26, an increase of approximately
23% in attenuation can be realized by increasing the value of ®.
Although this increase is signi� cantly greater than the amount
obtained on the one-mode model, the � nal values of attenuation
are approximately equal. Figure 27 shows the change in maxi-
mum actuator voltage and steady-state actuator voltage as ® in-
creases. Although the behavior is somewhat different from that
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Fig. 28 Beam tip response (two modes, ¸ = 5.0, ® = 30).

Fig. 29 Second mode response (two modes, ¸ = 5.0, ® = 30).

shown in Fig. 14, the differenceis not signi� cant in terms of actuator
performance.

The transient tip response of the two-mode model for ® D 30 is
shown in Fig. 28.Except for the slightly larger lobe that appearsafter
the controlleris activated,the transientresponseis verysimilar to the
response shown in Fig. 15. Like the other results for the two-mode
model, the responseof the second mode is small comparedto the re-
sponseof the � rst mode.However,as shown in Fig. 29, thecontroller
also decreases the magnitude of the second mode response.

Conclusions
The performanceof a saturationcontrollerused to suppressthe tip

vibrationsof a rotating,uniform, cantileverbeam has been assessed
using both theoretical and numerical analysis methods. Based on
this assessment, it can be stated that a saturation controller may
be as much as 90% effective in suppressing tip vibrations up to
moderately high rotation speeds.

The � rst observation that results from this investigation is that
controller performance is highly dependent on the amplitude of
the tip response before activation of the controller. As a result, the
controller was less effective at higher rotation speeds. However,
suitable changes to the nonlinearcontrollerparameterswere able to
alleviate partially the degraded performance.

Second, the intermodal coupling due to the choice of trial
functions, and the resulting contributions to the centrifugal stiff-
ening of the beam, had a small but measurable impact on the perfor-
mance of the controller. Again, changes to the nonlinear controller

parameters were suf� cient to improve the controller performance.
However, because the intermodal coupling and the rotation speed
are inextricably linked for this con� guration, it was not possible to
separate completely one from the other.

Finally, for the two-mode model, where only the � rst mode was
controlled,a small but signi� cant amount of spillover was observed
at the higher rotation speeds. The ratio of second mode response
to � rst mode response increased by a factor of 10 when the rotor
speed was increased by a factor of 10. However, for all cases, the
magnitude of the second mode response was small enough that it
did not have a signi� cant impact on the total tip response.

For rotationspeedsthat aremuchhigherthan theones investigated
herein, the ki j become negligible compared to the Ai j . In this case,
it may be desirable to use trial functions that result in Ai j D ±i j .
One set of candidate functions is the set of approximate, rotating,
cantilevermode shapes derived by Peters.12
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